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ABSTRACT: The conformation of a telechelic chain, such as ssDNA with complementary bases at both
ends, fluctuates from loop (closed) to coil (open) state. The transition between open and closed states can
be successfully described by the two-state model. However, the mismatch between one end with
complementary bases in the central region along the chain complicates the transition. We investigate
the kinetics of conformational fluctuations for an associating polymer of chain length N with an attractive
site at both ends (R and â) and another attractive site in the midpoint (γ) by Monte Carlo simulations.
The binding energy of R with â and γ is -ε1 and -ε2, respectively. The probability of the coil state, which
varies with temperature and corresponds to the melting curve in experiments, is obtained. A three-state
model including open (o), closed (c), and mismatch (m) states is proposed and agrees quite well with the
simulation results. It is interesting that direct transition between mismatch and closed states is observed
significantly at low enough temperature. The rate constants ki,j from i to j state are determined as well.
ko,m, ko,c, and km,c are found to be independent of temperature but proportional to N-2. On the contrary,
km,o and kc,o are independent of chain length but proportional to e-ε2/kBT and e-ε1/kBT, respectively.
Nevertheless, the transition from closed to mismatch states kc,m follows N-2e-(ε1-ε2)/kBT. For a long enough
chain with ε1 > ε2, the two-state model is adequate since the mismatch state becomes insignificant.

I. Introduction

An associating chain contains a small number of
active groups, such as hydrophobic or ionic groups,
which are attached at some points along the chain
backbone. These groups may attract one another if the
chain motions happen to bring them into close proximity
of one another. One of the simplest examples of as-
sociating polymers is a telechelic polymer, which is a
water-soluble chain with relatively small associating
groups at the ends such as poly(ethylene oxide) with
end-capped C16-C18 alkanes.1 Since they can be tailored
to display specific rheological properties, associating
polymers are ideal systems for fundamental studies in
addition to wide industrial applications like thickeners
for food.2-4 Recently, telechelic biopolymers have at-
tracted attention and have been experimentally inves-
tigated by fluorescence measurement.5-9 A typical ex-
ample is a single-stranded DNA (ssDNA) or RNA, which
is purposefully designed to be made of a homogeneous
sequence such as poly(T) (polydeoxythymidines) with a
few complementary bases at both ends.

A copolymer with self-complementarity in the se-
quence forms secondary structures. For example, ssDNA
and RNA frequently form a hairpin-loop structure due
to intramolecular base pairing. A hairpin loop consists
of a linear polymer loop connected to the stem, which
is constructed by a few bases, complementary to each
other, at the two ends of the biopolymer. It is involved
in many biological functions such as gene expression
and regulation.10 Thermodynamically, hairpin struc-

tures fluctuate among different conformations, including
random coil and intact hairpin loop. In a simplified
description, the conformations can be classified into two
states: the open state where the binding monomers are
separated and the closed state where the binding
monomers form bonds. Lately, the conformation dynam-
ics of an associating polymer have been investigated by
attaching a donor fluorophore at one end of a short
ssDNA and an acceptor at the other.6,8 The fluorescence
is quenched when donor and acceptor are within trans-
fer range. Hence, a hairpin (closed) is quenched and a
random coil (open) fluoresces. The probability of the
open state can then be revealed by the melting curve,
which depicts the variation of the static fluorescence
intensity with the temperature. The melting tempera-
ture Tm of a hairpin loop is defined as the temperature
where open and closed states have equal probabilities.

The thermal equilibrium between open (o) and closed
(c) conformations of a ssDNA is often described by the
all-or-none two-state model,5-8,9,11

where ki,j denotes the rate constant jumping from i to j
state. K is the equilibrium constant. It represents the
probability or time scale ratio of the closed to open
states. In other words, the fraction of the open state is
given by Po ) 1/(1 + K). To access the validity of the
two-state model, we have studied the conformational
fluctuations of a hard-sphere chain with a reacting bead
attached to each end.12 The binding energy between
them is -ε. On the basis of the two-state model, the
melting curve can be derived, Po ) [1 + eε(ât-âm)]-1, where
kB is the Boltzmann constant and the inverse temper-
ature ât ) 1/kBT and âm ) 1/kBTm. This analytical
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melting curve agrees excellently with the simulation
result. Moreover, the kinetic behavior of such a model
telechelic polymer can also be well depicted by the two-
state model. The transition rate constant from a closed
state to an open state kc,o is found to be independent of
chain length N but proportional to e-âtε. This indicates
that the free energy barrier from closed to open states
is simply the binding energy. In contrast, ko,c is inde-
pendent of temperature and proportional to N-2. Such
results points out that the free energy barrier from open
to closed states is associated with entropy reduction of
the chain conformation. As a consequence, the melting
temperature decreases with increasing the chain length
logarithmically, âmε ∼ 2 ln N.

Since the two-state model is simple, it is frequently
adopted to explain experimental observations. Nonethe-
less, there exist a few possible mechanisms,5 which may
cause substantial deviation from the two-state modeling.
In fact, the open state may be further classified into the
random coil and intrachain mismatch states.6,13,14 For
example, consider a homogeneous sequence poly(C) with
TTGGG-3′ at one end and its complement 5′-CCCAA at
the other. The bases 3′-GGG may zip with CCC within
the sequence and form a mismatched loop conformation.
Unlike in the absorbance experiment,15 this misfolded
structure gives signals just like the open state for a
typical fluorescence experiment. It is then doubtful to
extract thermodynamic as well as kinetic properties
from the melting curves according to the two-state
model. In this paper, we therefore intend to investigate
the effect of intrachain mismatch on the loop-to-coil
transition. The model associating polymer is a hard-
sphere chain of chain length N with an attractive site
at both ends (1 and N) and another attractive site in
the middle along the backbone (N/2).

The present paper is organized as follows. In section
II, we take into account the intrachain mismatch state
and introduce the three-state model, which consists of
three equilibriums, open S closed, open S mismatch,
and mismatch S closed. On the basis of this model, the
thermodynamic theory can be developed to obtain the
melting curve and the transient rate constants. Section
III briefly describes the model associating chain and the
Monte Carlo simulation details. Finally, in section IV
we compare the simulation results with those obtained
from the three-state model. The effect of the misfolded
state is discussed.

II. Three-State Model

Consider a chain made of N hard spheres. We assume
that the end beads attract each other and are designated
as R and â. The binding energy between R and â is -ε1.
To investigate the effect of intrachain mismatch, the
bead in the middle part along the chain, named as γ, is
also attracted to the R bead. The binding energy of R
with γ is -ε2. The conformations of such an associating
chain can then be classified into three possible states,
open (o), closed (c), and mismatch (m), as shown in
Figure 1. It is anticipated that the probability of the
open state Po f 1 at high temperature and the prob-
ability of the closed state Pc f 1 at low temperature if
ε1 > ε2. At thermodynamic equilibrium, one would
expect that open S closed and open S mismatch.
Intuitively, the direct transition between the closed and
mismatch states is quite rare and therefore can be
ignored. However, to avoid overcoming the free energy
barrier ε2 associated with unbinding the mismatch loop

at low enough temperature, the transition mismatch S
closed does take place substantially. The mechanism
will be discussed in detail later.

At equilibrium, a thermodynamic three-state model
(o S c, o S m, m S c) is proposed to describe the
conformational kinetics of the model associating chain,
as shown in Figure 1. The principle of detailed balance
gives

and

where Pi is the probability of the state i and ki,j the rate
coefficient jumping from i to j state. In terms of the
probability of the closed state, one has

Because Po + Pm + Pc ) 1, the probabilities of the open
and closed states are obtained respectively as

and

The rate coefficients are assumed to follow the Arrhe-
nius kinetics

Figure 1. Schematic representations of the open, mismatch,
and closed states of a model associating chain. The equilibrium
relationships among these three states are present.
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ki,j ) k*i,j exp(-âtFi,j) (7)
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where ât is the inverse temperature ât ) 1/kBT and Fi,j
represents the free energy barrier when jumping from
i to j state. k*i,j is a constant and depends on the
chemical nature of the chain. There are six rate coef-
ficients associated with three reversible equilibriums in
this triangular, three-state model. As a result, the main
task is to decide the free energy barrier Fi,j, which can
be examined by the Monte Carlo simulation. The study
of coil-to-loop transition of a telechelic chain12 indicates
that Fo,c for the conformational change from the random
coil state to the loop state is associated with the entropy
reduction only. For the model associating chain, we also
expect that the free energy barrier from open to closed
state (o f c) can be attributed to the entropy loss from
coil to ring conformation,

As a result

This relation indicates that ko,c is temperature-inde-
pendent. Similarly, for jumping from open to mismatch
state (o f m), one has

The entropy loss due to conformational change is related
to the chain length N and can be evaluated by consider-
ing the distribution function associated with a self-
avoiding walk of N steps.15 The probability for a
terminal point adjacent to the origin is given by

where the exponent g and ν are g ≈ 0.28 and ν ≈ 3/5 for
good solvents.16 As a consequence, the entropy cost of a
hard-sphere chain is increased with chain length and
is estimated as ∆So,c/kB ≈ R ln N with R ≈ 1.968. One
recovers R ) 3/2 for a Gaussian chain with g ) 0 and ν
) 1/2. For o f m, we can regard the mismatch confor-
mation as the closed state associated with a hard-sphere
chain with chain length N/2. Therefore, we also have
the entropy reduction, ∆So,m/kB ∼ 2 ln N. Some experi-
mental works have similar results.9,13 In the actual case
of ssDNA, other factors such as stacking effect are
involved, and the exponent of N dependence may be
quite different. For example, in the work of Kuznetsov
et al.,15 they pointed out that the free energy of the
hairpin scales with NR with R g 7. They proposed that
the stability of hairpins depends on both the entropic
effect and stabilizing interactions within the loops, and
these interactions may be related to the hydrophobic
interactions of the bases.

On the other hand, for jumping from closed to open
state, previous studies by Monte Carlo simulations
confirm that the free energy barrier Fc,o is simply the
binding energy between the ends for loop-to-coil transi-
tion of a telechelic chain.12 Following the same reason-
ing, we anticipate that the free energy barriers are âtFc,o
) âtε1 for jumping from closed to open state and âtFm,o
) âtε2 for jumping from mismatch to open state. Thus,
one has

and

The direct transition between the mismatch config-
uration and the closed state is somewhat unexpected.
For such an event to happen, the beads R, â, and γ have
to be in the neighborhood and hence the associating
polymer has to form an “8”-like configuration. As a
result, there is an additional entropy cost of free energy
barrier as the chain fluctuates from mismatch to closed
state (m f c),

This entropy reduction is associated with the change
from open to ringlike state for the chain segment (â-γ)
of length N/2, though there already exists a ringlike
conformation of the chain segment (R-γ) in the mis-
match state. Note that there is no attraction between â
and γ beads. Consequently, one can estimate the free
energy barrier as ∆Sm,c/kB ∼ 2 ln N. On the other hand,
for c f m, in addition to the entropy reduction for the
formation of figure “8”-like configuration, one also has
to overcome the binding energy difference (ε1 - ε2). The
free energy barrier Fc,m then consists of both binding
energy and entropy cost and is expressed as

with ∆Sc,m/kB ∼ 2 ln N.
Substituting eqs 9-14 into eqs 5 and 6, we obtain the

probabilities of the three states and the melting curves,

and

where the equilibrium constants K*1 and K*2 are
independent of the temperature,

and

The two equilibrium constants vary with the nature
of the system, such as bond length and interaction

âtFo,c ) (So - Sc)/kB (8)

ko,c ) k*o,c exp(-
∆So,c

kB
) (9)

ko,m ) k*o,m exp(-
∆So,m

kB
) (10)

PN ∼ N-(3+g)ν

kc,o ) k*c,o exp(-âtε1) (11)

km,o ) k*m,o exp(-âtε2) (12)

km,c ) k*m,c exp(-
∆Sm,c
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) (13)

kc,m ) k*c,m exp[-ât(ε1 - ε2)] exp(-
∆Sc,m

kB
) (14)

Po )
K*1 exp(-âtε1)

1 + K*1 exp(-âtε1) + K*1K*2 exp[-ât(ε1 - ε2)]

(15)

Pc ) 1
1 + K*1 exp(-âtε1) + K*1K*2 exp[-ât(ε1 - ε2)]

(16)

Pm )
K*1 K*2 exp[-ât(ε1 - ε2)]

1 + K*1 exp(-âtε1) + K*1K*2 exp[-ât(ε1 - ε2)]

(17)

K*1 )
kc,o

ko,c
eâtε1 )

k*c,o

k*o,c
N2 (18)

K*2 )
ko,m
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e-âtε2 )

k*o,m
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N-2 (19)
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distance. In the two-state model, only one equilibrium
constant is involved, and hence one can define the
melting temperature as Po ) Pc ) 1/2. To describe the
melting curve interfered by the mismatch state, how-
ever, we have to introduce two characteristic tempera-
tures, which correspond to K*1 and K*2 according to eqs
15-17. The choice is quite arbitrary. We define the two
characteristic temperatures, Tm1 and Tm2, corresponding
to the melting temperatures in the melting curves Po(T)
and Pc(T), as

One can also define the third equilibrium constant K*3
as

According to the detailed balance, eqs 1-3, these
equilibrium constants are not independent and must
satisfy the condition

In other words,

The above equation provides an assessment of the three-
state model and can be examined by Monte Carlo
simulations.

III. Model and Simulation Details
The model associating chain is made of N hard

spheres of diameter σ with attractive beads located at
both ends (R and â) and in the middle (γ). This polymer
is a freely jointed chain in continuous space. The
interactions between the bonded beads are through the
infinite deep square-well potentials,17

where ê ) 1.2. Bond crossing (phantom chain) can be
prevented by such a choice. For this model associating
chain, the interaction between attractive end beads R
(1) and â (N) is represented by a standard square-well
potential,

where λ ) 1.2. Without the loss of generality, we assume
the binding energy ε ) 5. The other pair of interacting
beads (R-γ) interact through a similar potential as

Here γ denotes the bead in the middle of the chain, and
we choose the bead at N/2 + 1 if N is even. Note that
the end bead â does not interact with the bead γ. In eqs
24 and 25, the binding energies of R with â and γ are
taken to be ε1 ) 3ε and ε2 ) 2ε, respectively.

In this work, Monte Carlo (MC) simulations were
performed to study the loop-to-coil transition kinetics
of a short ssDNA. Noted that in general MC simulation
is not the method of choice for studying kinetics.
However, since the actual dynamics has reached equi-
librium, the MC method could be used to estimate the
reaction constants of the equilibrium dynamics. The
open, closed, and mismatch states of this model as-
sociating chain are shown in Figure 1. The chain is
identified as in the “open” state when the attractive ends
of the chain are not within square-well interaction
regimes. That is, |rR - râ| > λσ. On the other hand, the
“closed” state is defined as the formation of an attractive
pair from two ends. That is, |rR - râ| < λσ. Similarly,
the “mismatch” state is defined as |rR - rγ| < λσ. It is
noted that we allow R bead to be within λσ distance of
â and γ beads at the same time, but R bead can only
“bind” with one of them. R bead chooses its binding
partner according to the probability of exp(-∆E/kBT).
The rate constant ki,j is evaluated from the inverse of
the mean time τi,j. It is defined as the mean period of
staying at the state i, which jumps to the state j later.
The probability of the state i is calculated by the total
Monte Carlo steps (MCs) staying at the state i to the
total MCs of simulation. The detailed balance is fulfilled
in our simulations.

The systems simulated contain a single polymer chain
with chain length N ranging from 15 to 60. The
simulations are performed under the conditions of
constant temperature and total number of beads. In the
present study, the reduced temperature T* is varied to
obtain the melting curves, which are represented by Po
and Pc. The trial moves employed for chains of the
equilibration and production process are bead displace-
ment motions. They involve randomly picking a bead
and displacing it to a new position in the vicinity of the
old position. The distance away from the original
position is chosen with a probability, which satisfies the
condition of equal sampling of all points in the spherical
shell surrounding the initial position. The new configu-
rations resulting from this move are accepted according
to the standard Metropolis acceptance criterion.18 Runs
for the same chain length at different temperatures are
performed starting with the final configuration from a
previous temperature and are equilibrated for 200
million steps. Measurements for static properties such
as the probabilities of open or closed states are taken
over a period of 5-10 million MCs per bead.

IV. Results and Discussion

The kinetics of conformational fluctuations of an
associating chain with attractive beads located at both
ends and in the middle is investigated by Monte Carlo
simulations. The two-state model may fail to depict the
loop-to-coil transition due to the existence of the mis-
match state. A three-state model is therefore proposed,
and the corresponding thermodynamic theory is devel-
oped. Different from the two-state model, two charac-
teristic temperatures, corresponding to the two equilib-
rium constants K*1 and K*2, are required to characterize
the melting curves. By the comparison between the
three-state model and the simulation results, the kinetic

T ) Tm1, at Po ) 1/2

T ) Tm2, at Pc ) 1/2 (20)

K*3 )
km,c

kc,m
e-ât(ε1-ε2) )

k*m,c

k*c,m
(21)

K*1 K*2 K*3 ) 1 (22)

k*c,o

k*o,c

k*o,m

k*m,o

k*m,c

k*c,m
) 1

Ui,i+1 ) {∞ r < σ
0 σ e r < êσ
∞ r g êσ

(23)

UR,â ) {∞ r < σ
-3ε σ e r < λσ
0 r g λσ

(24)

UR,γ ) {∞ r < σ
-2ε σ e r < λσ
0 r g λσ

(25)
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rate constants are determined, and the effect of the
mismatch state is realized in this section.

The melting curve, which depicts the variation of the
probability of the open state with temperature, is shown
in Figure 2a for different chain lengths. The general
trends agree qualitatively with experimental observa-
tions.6-8 The probable structure changes from a stable
random coil to a mismatch or loop state as the temper-
ature declines. That is, the conformational entropy
dominates over the binding energy at high temperature.
As the chain length is increased, the melting curves shift
toward the lower temperature side. Since more entropy
loss associated with a longer chain is needed for the
transition from the coil to loop state, the melting
temperature Tm1, defined at Po ) 1/2, decreases with
increasing N. It is very common to adopt the two-state
model to describe the melting curve. If such a simple
model is valid in the present case, then the melting
curve ought to be well predicted by12

Here âm1 can be readily determined from the melting
curve. Unfortunately, eq 26 is unable to depict those
data points even by regarding âm1 as a fitting param-
eter. This outcome is not surprising at all because of
the intrachain mismatch.

The failure of the two-state model is able to be seen
from another melting curve Pc(T). Figure 2b illustrates
the variation of the probability of the closed state with
the temperature for different chain lengths. As the
temperature is decreased, the binding energy gradually
overcomes the thermal energy. Therefore, Pc grows with
decreasing temperature, and its behavior is opposite to
that of Po. It is natural to define another melting
temperature Tm2 where Pc ) 1/2. If the two-state model
is applicable, one has Po ) Pc ) 1/2 at Tm1 ) Tm2.
Comparing parts a and b of Figure 2, one finds that both
melting temperatures are not equal and Tm1>Tm2. This
results indicate again that the two-state model fails to
depict the coil-to-loop transition for an associating chain
with intrachain mismatch. On the other hand, the
simulation results in parts a and b of Figure 2 can be
excellently described by the three-state model, eqs 15
and 16, respectively.

A clear evidence of the existence of the third state,
i.e., the mismatch state, is displayed through Figure 2c
for Pm. The result agrees quite well with that calculated
by the three-state model, eq 17. The probability of the
mismatch state varies with temperature for a given
chain length and shows a peak value at T ) Tp(N). On
the basis of eq 17, one is able to obtain Tp for ε1 > ε2,

This result indicates that the larger the chain length,
the smaller the value of Tp. That is, âpε1 ∼ 2 ln N as N
. 1 by using eq 18. This behavior is consistent with
that of Tm1 and Tm2, which will be discussed later.
Moreover, Tp is less than Tm2. Comparing Pm in eq 17
to Pc in eq 16 gives that Pm/Pc ) K*1 K*2e-ât(ε1-ε2). It
points out that in general Pm < Pc if ε1 > ε2. Neverthe-
less, Pm might be greater than Pc at high enough
temperature, â(ε2 - ε1) , 1, if K*1 K*2 > 1. The present

study belongs to this case because the entropy reduction
is higher for the closed state than the mismatch state.

Po(T) ) 1
1 + eε1(ât-âm1)

(26)

âp ) 1
ε1

ln K*1

ε2

ε1 - ε2
(27)

Figure 2. Variation of the probabilities of the three states
with temperature for different chain lengths N: (a) open state
Po; (b) closed state Pc; (c) mismatch state Pm. The solid curves
correspond to analytical predictions according to the three-
state model.
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To confirm the validity of the three-state model
furthermore, we anticipate that an expression derived
from eqs 15 and 16 can represent all results from
different chain lengths. Dividing eq 16 by eq 15 gives

The above equation is a function of temperature only.
Consequently, when ln[K*1(Pc/Po)] is plotted against ât,
all data points of different chain lengths should collapse
into a straight line, which passes through the origin
with a slope ε1. Figure 3 shows that the simulation
results behave as expected.

The excellent agreement between the simulation
results and the expressions based on the three-state
model confirms the success of the proposed theory. The
values of the equilibrium constants K*1(N) and K*2(N)
used in eqs 15-17 can be determined by two indepen-
dent approaches. The first one is simply in accordance
with the melting curves Po, Pc, and Pm. Following eqs
18 and 19 for their dependence on chain length, one
obtains

The second approach is to decide the equilibrium
constants from the kinetic rate constants, i.e., the ratios
of kc,o to ko,c and of ko,m to km,o. It will be shown later
that these two approaches yield consistent results.
Equation 29 indicates that K*1 K*2 is independent of
chain length, and hence one has Pc f 0.275N-2, Pm f
0.688N-2, and Po f 1 - 0.963N-2 as T f ∞ from eqs
15-17. In other words, at high temperature, the prob-
abilities of the closed and mismatch states are insig-
nificant for a long enough chain.

The equilibrium constants are related to the melting
temperatures. According to eq 20, one has

where + and - denote 1 and 2, respectively. Figure 8
shows the good agreement of the melting temperatures

between the simulation and the three-state model.
Although the analytical solution of the melting temper-
atures âm( is not available, the asymptotic analysis for
N . 1 (âm( . 1) yields

This analytical result agrees quite well that obtained
from simulations as shown in Table 1. For N f ∞, eq
31 gives

The above result indicates that the two melting tem-
peratures approach each other and turn to be âmε1 ) 2
ln N essentially. This outcome is the same as that of
the two-state model and hence concludes that the two-

Figure 3. ln[(Pc/Po)K*1] is plotted against ât for various chain
lengths. The solid line is a straight line with slope ε1 and zero
intercept based on the three-state model.

K*1(Pc/Po) ) exp(âtε1) (28)

K*1 ) 3.64N2, K*2 ) 0.688N-2 (29)

e-ε1âmo )
1 ( K*1 K*2e

-âmo(ε1-ε2)

K*1
(30)

Figure 4. Mean lifetime of the open state jumping to the
closed state later, τo,c/N2, is plotted against ât for different chain
lengths.

Figure 5. Mean lifetime of the open state jumping to the
mismatch state later, τo,m/N2, is plotted against ât for various
chain lengths.

âm( = 1
ε1

ln
K*1

1 ( (K*1)
ε2/ε1K*2

(31)

âm( ≈ 1
ε1

{2 ln N + ln 3.64 - O[N-2(1-ε2/ε1)]} (32)
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state model is adequate if the chain length is long
enough and ε1 > ε2. In other words, the entropy reduc-
tion for a very long chain, growing about ln N, requires
the compensation from the larger binding energy ε1
instead of ε2. Hence, the mismatch state is getting
insignificant with increasing N as shown in Figure 2c.
However, the story is totally different if ε1 e ε2 though
the three-state model, eqs 15-17, is still applicable.

We have confirmed that the proposed three-state
model has to be employed to describe the thermody-
namic equilibrium of the model associating chain. The
kinetics of conformational fluctuations is also developed
in eqs 9-14. To assess our theory, the rate constants
are evaluated from Monte Carlo simulations and com-
pared to the proposed model. On the basis of the
principle of detailed balance, the rate constant ki,j is
inversely proportional to the mean lifetime of the state
i, i.e., ki,j ) τi

-1. In accord with eqs 9 and 10, the rate

constants from open to closed or mismatch state, i.e.,
ko,c or ko,m, are proportional to N-2 and independent of
temperature. As demonstrated in Figures 4 and 5, when
ko,c

-1/N2 and ko,m
-1/N2 are plotted against ât, all the rate

constants for different chain lengths fall together. The
straight line with a zero slope points out that the
transition from open to closed or mismatch state is
irrelevant to internal energy change and therefore is
related to the entropy reduction. In other words, the
formation of a loop requires to overcome thermal
fluctuations associated with the chain. This consequence
verifies our argument that the entropy loss from a coil
to a ring -∆S(N) is proportional to R ln N with R ≈ 2
very close to (3 + g)ν.

In contrast to ko,c and ko,m, eqs 11 and 12 give that
kc,o and km,o are proportional to exp(-âε1) and exp(-âε2),
respectively. They do not vary with chain length. As
illustrated in Figures 6 and 7, ln kc,o

-1 and ln km,o
-1 are

plotted against ât for different chain lengths. All the rate
constants evaluated for different chain lengths collapse
into a straight line with a slope of the binding energy
ε1 for kc,o and ε2 for km,o. This result indicates that the
thermal energy provides a probability of exp(-âε1) to
unbind the intact loop to the random coil conformation.
Similarly, the mismatch loop is unbounded with a
probability exp(-âε2) by thermal fluctuations. The chain
length does not play any role in these processes.

The direct transition between closed and mismatch
states means that the formation of the R-γ pair is right
after the breakage of the R-â pair, or vice versa. As a
result, this process requires all attractive beads R, â,
and γ nearby. Otherwise, the transition from mismatch
to closed state is indirect and ought to go through the
open state, i.e., m S o S c. Direct transition m S c
involves a chain conformation of two loops, i.e., “8”-like

Figure 6. Mean lifetime of the closed state jumping to the
open state later, ln τc,o, is plotted against ât for different chain
lengths. The solid line is a straight line with slope ε1 based on
the three-state model.

Figure 7. Mean lifetime of the mismatch state jumping to
the open state later, ln τm,o, is plotted against ât for different
chain lengths. The solid line is a straight line with slope ε2
based on the three-state model.

Figure 8. Variation of the two melting temperatures as a
function of the chain length. The lines are calculated according
to eq 30.

Table 1. Characteristic Temperatures Estimated from
C(T), Po(T), and Pc(T) Curves for Various Chain Lengths

N Tc(C) Tm2(Pc) Tm1(Po)

15 2.10 2.13 2.34
20 1.95 1.99 2.13
30 1.78 1.81 1.90
40 1.67 1.70 1.76
50 1.59 1.62 1.67
60 1.54 1.56 1.60
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configuration, and therefore more entropy loss than that
associated with one loop is required. Intuitively, this
event would be rare. Nevertheless, the indirect transi-
tion consists of overcoming the binding energy and
entropy reduction in series. Therefore, the free energy
barrier associated with the first process may be rela-
tively low. We are able to observe this particular
conformation at low enough temperature, e.g., Tp. Two
typical snapshots are demonstrated in Figure 9. To

further confirm the direct m S c transition, we evaluate
the rate constants km,c and kc,m from simulations. As
pointed out in eq 13, the free energy from one mis-
matched loop to two loops needs an entropy cost, kT ln
N2. Thus, km,c should be independent of temperature for
m f c. The plot of km,c

-1/N2 for different chain lengths
against ât yields a straight line with zero slope as shown
in Figure 10. The transition c f m, however, involves
both entropy reduction and binding energy decrease.
Equation 9 gives that kc,m ∝ N-2exp[-ât(ε1 - ε2)].
Consequently, as shown in Figure 11, the plot of ln
kc,m

-1/N2 against ât collapses all data points from
different chain lengths into a single, straight line with
a slope ε1 - ε2. The agreement illustrated in Figures 10
and 11 verifies the direct transition m S c and the three-
state model.

In accordance with eqs 18 and 19, the equilibrium
constants can be determined by those kinetic rate
constants as well. The above analysis gives

and

The ratio of k*c,o to k*o,c yields 3.64 for K*1 and k*o,m/
k*m,o ) 0.688 for K*2. They are identical to those
determined from the melting curves, eq 29. From the
direct transition between closed and mismatch states,
we have

The equilibrium constant K*3 can then be evaluated
from k*m,c/k*c,m ) 0.406. The product K*1 K*2 K*3 )
1.016 is very close to 1 and hence satisfies the constraint
inherent in the three-state model, eq 22.

The transition temperature of a system is often
characterized by the heat capacity curve C(T) because
it is closely related to the variation of the internal

Figure 9. Two typical snapshots of the associating chain
conformations correspond to the direct transition between
closed and mismatch states.

Figure 10. Mean lifetime of the mismatch state jumping to
the closed state later, τm,c/N2, is plotted against ât for different
chain lengths.

Figure 11. Mean lifetime of the closed state jumping to the
mismatch state later, ln(τc,m/N2), is plotted against ât for
different chain lengths. The solid line is a straight line with
slope ε1 - ε2 based on the three-state model.

k*o,c ) 0.0763, k*c,o ) 0.278

k*o,m ) 0.139, k*m,o ) 0.202

k*m,c ) 0.0952, k*c,m ) 0.235
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energy U with the change of the configuration. The heat
capacity is defined as

We can define the peak temperature of the heat capacity
curve, Tc, as the transition temperature and compare
it to the melting temperatures obtained from the melt-
ing curves, Po and Pc. In addition, one can also make a
comparison of C(T) computed by the three-state model
and the simulation. Since 〈U〉 ) ε1Po + ε2Pm and 〈U2〉 )
ε1

2Po + ε2
2Pm for our model associating chain, the heat

capacity is evaluated as

Substituting eqs 16 and 17 into eq 33, one is able to
obtain the heat capacity curve based on the three-state
model. As illustrated in Figure 12, eq 33 can depict the
simulation results both qualitatively and quantitatively.
Once more, this proves the validity of the three-state
model in representing the behavior of our model as-
sociating chain. The peak temperature can be decided
from eq 33 by dC(T)/dT|T)Tc ) 0 or simply by visual
inspection. Both ways yield practically identical results.
Figure 12 shows that Tc declines with increasing chain
length. This tendency is similar to that associated with
the melting temperatures. The three characteristic
temperatures are listed in Table 1 for different chain
lengths. Clearly, it indicates that Tm1 > Tm2 > Tc for all
chain lengths. It is not difficult to verify this order from
the proposed three-state model. Table 1 also reveals that
their differences decline with increasing the chain
length. As N . 1, Pc . Pm and the peak temperature is
approximately âcε1 ≈ ln K*1 ∝ ln N2. This result coin-
cides with those of the melting temperatures, i.e., eq
32. In fact, in the thermodynamical limit of N f ∞, the
smooth loop-to-coil transition for an associating chain
of finite chain length will become a step function, and
all three characteristic temperatures converge together.

It should be noted that a dead-end three-state model
may also be used for describing the transition dynamics
which include the open, close, and mismatch states.
However, the dead-end mechanism is without the direct
transition between close and mismatch states as

The dead-end mechanism and the triangular mecha-
nism are equivalent. As can be seen from eq 22, the
detailed balance in the triangular nechanism pose a
constraint on the three equilibrium constants, i.e.,
K*1 K*2 K*3 ) 1, which indicate that only two of transi-
tion processes (mismatch S open, open S close, and
mismatch S close) are independent. The system can be
represented by any two of the transition processes. As
can be seen in this work, any information about transi-
tion between mismatch and closed (mismatch S close)
states gathered from simulations is absolutely not
needed in describing the essential features, such as Po,
Pc, Pm, and Cv of the system (eqs 15, 16, 17, and 33). If
the dead-end mechanism is used instead of the trian-
gular mechanism in this work, all the main conclusions
would be just the same. In other words, km,c and kc,m
are not used in describing the loop-to-coil transition.
However, substantial direct transitions between mis-
match and closed states were observed in our simula-
tion, and thus the triangular mechanism was used to
model the system.

As to whether or not direct transitions between
mismatch and closed states occur in reality, it is believed
to depend on the “time interval” of observations and
flexibility of the chain. In the actual case of ssDNA, it
is possible that due to the directionality of the chain,
direct transition mismatch S closed rarely happens. In
that case, the dead-end model is a better choice.
However, many works19,20 show that the persistence
length of many ssDNA chains is about 1 nm, which is
approximately the size of a base. It indicates that, unlike
a double-stranded DNA chain, ssDNA can usually be
taken as a fully flexible chain. In our work, direct
transition between mismatch and closed states is a
natural cause of our model. For a fully flexible chain
(without any stacking effect), when temperature is low,
the energy factor dominates over the entropy effect.
Thus, R, â, and γ beads tend to be together (see Figure
9) to lower the system’s free energy. Since they are so
close to each other, direct transitions between mismatch
and closed states can then take place. In our simulation,
we can indeed independently collect kinetic constants
for open S closed, mismatch S open, and mismatch S
closed and check whether they satisfy the detailed
balance set as eq 22. This is an important consistency
check of our work.

In conclusion, we have proposed a three-state model
to describe the loop-to-coil transition of an associating
polymer which exists as open, closed, or mismatch state.
Our model agrees well with the MC computational
results for the same one-chain system. The character-
istic times τi,j for i to j state are determined. τo,m, τo,c,
and τm,c are found to be independent of temperature but
proportional to N2. τm,o and τc,o are independent of N
but proportional to eε2/kBT and eε1/kBT. τc,m follows
N2e(ε1-ε2)/kBT.

The success of the three-state model on the loop-to-
coil transition of an associating chain with three attrac-
tive sites clearly identifies the inadequacy of a simple
two-state model which is used to extract kinetic and

Figure 12. Heat capacity curves for different chain lengths
are plotted against temperature and compared to eq 33 based
on the three-state model.

C
kB

)
〈U2〉 - 〈U〉2

(kBT)2

C
kB

) ât
2[(ε1

2Pc + ε2
2Pm) - (ε1Pc + ε2Pm)2] (33)

mismatch S open S close

Macromolecules, Vol. 36, No. 15, 2003 Loop-to-Coil Transition 5871



thermodynamic information from experiments. The
existence of the mismatch state may significantly influ-
ence the outcome. Therefore, to be able to quantitatively
model the equilibrium kinetics of a ssDNA, we should
know more about the mismatch (or intermediate) states.
In this work, the model chain used was essentially hard-
sphere chain with full flexibility. In the actual case of
ssDNA and RNA, other factors such as stacking effect
(hydrophobic interactions) may complicate the hairpin-
loop transition. These factors should be taken into
consideration for further investigation of this issue. The
study of a more realistic chain is currently in process.
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